
Abstract
Modern life is full of challenging optimization problems. For instance, a common dilemma often 

encountered is the decision of picking a parking spot while trying to minimize both the distance to the 

goal destination and time spent searching for parking; one strategy is to drive as close as possible to 

the goal destination but risk a penalty cost if no parking spaces can be found. Optimization problems 

of this class all have underlying time-varying processes that can be altered by a decision/input to 

minimize some cost. Such optimization problems are commonly solved by a class of methods called 

Dynamic Programming (DP) that breaks down a complex optimization problem into a simpler family of 

sub-problems. In the 1950s Richard Bellman introduced a class of DP methods that broke down Multi-

Stage Optimization Problems(MSOP) into a nested sequence of “tail problems"". Bellman showed that 

for any MSOP with a cost function that satisfies a condition called additive separability, the solution of 

the tail problem initialized at time-stage k>0 can be used to solve the tail problem initialized at time-

stage k-1. Therefore, by recursively solving each tail problem of the MSOP, a solution to the original 

MSOP can be found. This dissertation extends Bellman`s theory to a broader class of MSOPs involving 

non-additivelyse parable costs by introducing a new state augmentation solution method and 

generalizing the Bellman Equation. We also consider the analogous continuous-time counterpart to 

discrete-time MSOPs, called Optimal Control Problems (OCPs).OCPs can be solved by solving a 

nonlinear Partial Differential Equation (PDE) called the Hamilton-Jacobi-Bellman (HJB) PDE. 

Unfortunately, it is rarely possible to obtain an analytical solution to the HJB PDE. We propose a 

method for approximately solving the HJB PDE based on Sum-Of-Squares (SOS) programming. Our 

SOS algorithm can be used to synthesize controllers, hence solving the OCP, and also compute outer 

bounds of reachable sets of dynamical systems. This methodology is then extended to infinite time 

horizons, proposing SOS algorithms that yield Lyapunov functions that can approximate regions of 

attraction and attractor sets of nonlinear dynamical systems arbitrarily well.
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